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Abstract. In this paper we will continue the study started recently in [I] by describing 
and classifying all Hopf algebras E that factorize through two Sweedler's Hopf algebras. 
Equivalently, we shall classify all bicrossed products H4 IX H4 associated to all possible 
matched pairs (H4, H4, l>, <) of Hopf algebras. There are three steps in our approach: 
in the first one we describe explicitly all the matched pairs (H4, H4, t>, <) by proving 
that, except for the trivial one, there exists an infinite number of such matched pairs 
parameterized by a scalar A of the base field k. Then, for any A € k, we shall construct 
by generators and relations a 16-dimensional, pointed, unimodular and non-semisimple 
quantum group "Hie, a: a Hopf algebra E factorizes through H4 and H4 if and only if 
E = H41SH4 or E = H16, a ■ In the last step we classify such quantum groups by proving 
that there are only three isomorphism classes: H4 £g> H4, %i6,o an d Hie, 1 — D^Hi), 
the Drinfel'd double of H4. As a bonus to our approach the group of Hopf algebra 
automorphisms of these Hopf algebras are described: in particular, we prove that 
AutHopf [D(H4)) is isomorphic to a semidirect product of groups k* x Z2. 



Introduction 

Let A and H be two given Hopf algebras. The factorization problem for Hopf algebras 
consists of classifying up to an isomorphism all Hopf algebras that factorize through A 
and H, i.e. all Hopf algebras E containing A and H as Hopf subalgebras such that the 
multiplication map A ® H — > E, a <g> h 1— > ah is bijective. The problem can be put in 
more general terms but we restrict ourselves to the case of Hopf algebras. For a detailed 
account on the subject at the level of groups the reader may consult [TJ and [2]. 

An important step in dealing with the factorization problem was made by Majid in [SJ 
Proposition 3.12] who generalized to Hopf algebras the construction of the bicrossed 
product for groups introduced by Takeuchi in [12] . Although in [H] the construction 
is known under the name of double cross product, we will follow [B] and call it, just 
like in the case of groups, the bicrossed product construction. A bicrossed product of 
two Hopf algebras A and H is a new Hopf algebra A tx H associated to a matched 
pair (A, H, o, <l) of Hopf algebras. It is proven in [8] that a Hopf algebra E factorizes 
through A and H if and only if E is isomorphic to some bicrossed product of A and H. 
Thus, the factorization problem can be stated in a computational manner: for two Hopf 
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algebras A and H describe the set of all matched pairs (A, H, >, <) and classify up to an 
isomorphism all bicrossed products A X H of Hopf algebras. This way of approaching 
the problem was recently proposed in pQ with promising results regarding new examples 
of quantum groups. For example, in [U Section 4] all bicrossed products H 4 IX k[C n ] are 
described by generators and relations and are classified. They are quantum groups at 
roots of unity H 4n u which are classified by the arithmetic of the ring Z n . In this paper 
we shall continue the study began in PQ by classifying all Hopf algebras that factorize 
through two Sweedler's Hopf algebras. 

The paper is organized as follows. In Section [1] we set the notations and recall the 
bicrossed product construction of two Hopf algebras. In Section[2l the main section of this 
paper, we classify all Hopf algebras that factorize through two Sweedler's Hopf algebras. 
In order to do this, we first compute all the matched pairs (H4, H4, >, <): except the 
trivial one, there exists an infinite number of such matched pairs parameterized by a 
scalar A of the base field k. Then we will describe by generators and relations all the 
bicrossed products H4 IX H 4 associated to these matched pairs. These are: H 4 <g)H 4 and 
%16, A) where for any A 6 k, Hiq^x is the 16-dimensional quantum group generated by g, 
x, G, X subject to the relations: 

g 2 = G 2 = 1 x 2 = X 2 = 0, gx = -xg, GX = -AG, 

gG = Gg, gX = -Xg, xG = -Gx, xX + Xx = A (1 - Gg) 

with the coalgebra structure given such that g and G are group-likes, x is (1, ^-primitive 
and X is (1, G)-primitive. Finally, as the last step of our approach, using the description 
of the homomorphisms between two arbitrary bicrossed products given in [1], we prove 
that there are only three isomorphism classes of Hopf algebras that factorize through 
two Sweedler's Hopf algebras: H 4 <g> H4, %i6,o and %i6,i — D(H 4 ), the Drinfel'd double 
of H 4 . 

A different type of classification was given in [H Lema 2.8], using the classical theory of 
Hopf algebras extensions and having the cocycle bicrossproduct as a tool: any extension 
of H 4 by H 4 is equivalent to the trivial extension H 4 <g> H 4 ; in particular, any cocycle 
bicrossproduct i?4 T #o-i?4 is isomorphic to the trivial tensor product H4 (g> H 4 . This 
shows that, for two given Hopf algebras, one can obtain a larger class of new types of 
Hopf algebras by considering the factorization problem and the bicrossed product instead 
of the extension problem and the cocycle bicrossedproduct. In our case, the two new 
types of Hopf algebras constructed in this paper, Hiq, and Hie t i, are not extensions of 
H4 by H4 in the sense of [3[ Definition 1.2.0]. 

Finally, as a consequence of our results, the group of Hopf algebra automorphisms of these 
quantum groups are described by proving that there exists the following isomorphisms 
of groups: 

Aut H opf(£(#4)) = k* x Z 2 , Aut H o P f(^i6,o) = (** x k*) x Z 2 ^ Aut Hop f(^4 ® H 4 ) 

1. Preliminaries 

Throughout this paper all algebras, coalgebras, Hopf algebras are over a commutative 
field k and <S> = ®k- We shall use the standard notations from Hopf algebras theory: in 
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particular, for a coalgebra C, we use the X-notation: A(c) = cm (S> C( 2 ), for any c € C 
(summation understood). Let ^4 and H be two Hopf algebras. A is a called a left ff- 
module coalgebra if there exists > : H <g> A — > A a morphism of coalgebras such that 
(A, [>) is also a left -ff-module. Similarly, H is called a right A- module coalgebra if there 
exists < : H ® A — > H a morphism of coalgebras such that (H, <\) is a right A-module. 
The actions t> : H <g> yl — >• A and <\ : H ®A H are called trivial if ht> a = eu{h)a and 
h < a = £A(a)h respectively, for all a £ A and h £ H. 

A matched pair of Hopf algebras [8], [U] is a quadruple (A, H, >, <), where A and i/ are 
Hopf algebras, o : -ff (g> ^4 — > A and <\ : H ® A H are coalgebra maps such that (A, >) 
is a left //-module coalgebra, (H, <) is a right A- module coalgebra and the following 
compatibility conditions hold: 

/it>U = s h Qi)1a 1h <a = £a(p)1 h , (1) 

#>(a6) = >a (1) )((g (2 ) <a (2) ) > 6) (2) 

(5-/1) < a = (3 < (h(i) > a(i))) (/i( 2 ) < a (2 )) (3) 

5(1) < O(l) ® 5(2) > 0(2) = 9{2) < 0(2) ® 5(1) > O(l) (4) 

for all a, b £ A, g, h £ H. If (A,H, >, <) is a matched pair of Hopf algebras then the 
associated bicrossed product A co H of >1 with i/ is the vector space A H endowed 
with the coalgebra structure of the tensor product of coalgebras and the multiplication 

(a IX g) ■ (b ixi h) := a(g {1) > 6 (1) ) x (# (2 ) < 6 {2 ))/i (5) 

for all a, 6 € A, g, h € H , where we used tx for <g>. A tx if is a Hopf algebra with the 
antipode given by the formula: 

S( a m /i) := (U txj 5ff(fe)) • (S A (a) X 1 H ) (6) 

for all a G A and /i € # Theorem 7.2.2], P Theorem IX 2.3]. 

The basic example of a bicrossed product is the famous Drinfel'd double of a finite 
dimensional Hopf algebra H: D{H) = (H*) cop 1x1 H, the bicrossed product associated 
to a given canonical matched pair [6l Theorem IX. 3. 5]. For others examples of bicrossed 
products we refer to [JJ, [6], [9]. 

We recall that a Hopf algebra E factorizes through two Hopf algebras A and H if there 
exist injective Hopf algebra maps % : A — > E and j : H — > E such that the map 

A®H-*E, a<S)h>-^ i(a)j(h) 

is bijective. The next fundamental result is due to Majid [91 Theorem 7.2.3]: A Hopf 
algebra E factorizes through two given Hopf algebras A and H if and only if there exists 
a matched pair of Hopf algebras (A,H, >, <) such that E = A \x\ H . In light of this 
result, the factorization problem for Hopf algebras was restated [JJ in a computational 
manner: Let A and H be two given Hopf algebras. Describe the set of all matched pairs 
(A, H, >, <]) and classify up to an isomorphism all bicrossed products A X H. 

In order to classify the bicrossed products A x H the following result, proved in [JJ 
Theorem 2.2], is crucial. It describes the morphisms between two bicrossed products. 
It will also be used in determining the automorphisms group of a given bicrossed prod- 
uct. The result says that, given two matched pairs of Hopf algebras (A, H, t>, <) and 
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(A',H', >', <]'), there exists a bijective correspondence between the set of all morphisms 
of Hopf algebras ip : A tx H — > A 1 xf H 1 and the set of all quadruples (u,p,r,v), where 
u : A — > A' , p : A — > H' , r : H — > A' , i> : iJ — > iJ' are unitary coalgebra maps satisfying 



the following compatibility conditions: 

U(a(i)) ®p(0( 2 )) = «(0( 2 )) ( 7 ) 

r(/t (1) ) ® u(/i( 2 )) = r(h {2) ) ®v(h {l) ) (8) 

u(a6) = u(a {1) ) (p(o( 2 )) >'«(&)) (9) 

p(a6) = (p(a) <'«(6 (1) ))p(6 (3) ) (10) 

r(^) = r(fc (1) )(«(/i (2) )i>'r(<7)) (11) 

u(^) = <'r(5 ( i)))w(5(2)) (12) 



r(h {l) )(v{h {2) )>' u{b)) = u(h {1) > b {1) ) [p(h {2) {> b {2) ) {>' r(h {3) <i b {3) )j (13) 

(v(h) <'«(6(i)))p(6(2)) = (p(tyi) >6(i)) <'r(/i(2) <6( 2 ))) «0(3) < 6(3)) (I 4 ) 

for all a, b £ A, g, h £ H. Under the above correspondence, the morphism of Hopf 
algebras tp : A ixi H — >■ A' ixf H' corresponding to (u, p, r, v) is given by: 

if;(a txih) = u(a(i)) (p(a(2)) >' r(/i (1) )) m' (p(a {3) ) <' r(/i {2) )) u(fy 3 )) (15) 
for all a G ^4 and h £ H. 



2. The bicrossed products of two Sweedler's Hopf algebras 

In this section we are going to classify all the bicrossed products H4 tx H4. Our strategy 
is the one of pQ: first of all we will find all the matched pairs {H^H^, >, <), then we 
will describe by generators and relations all the bicrossed products associated to these 
matched pairs and finally, using [TJ Theorem 2.2], we will decide which of these bicrossed 
products are isomorphic. As an offshoot of our work, the group Autnopf(-f^4 1x1 H±) of 
all Hopf algebra automorphisms of a given bicrossed product is computed. 

Recall that Sweedler's 4-dimensional Hopf algebra, H4, is generated by two elements, g 
and x, subject to the relations: 

g 2 = 1, x 2 = 0, xg = -gx 

The coalgebra structure and the antipode are given by: 

= g ® g, A(x) = x®l + g®x, A(gx) = gx ® g + 1 ® gx 

e(g) = l, e(x) = 0, S(g) = g, S(x) = -gx 

In order to avoid confusions we will denote by H4 a copy of H^, and by G and X the 
generators of H4. Thus, G 2 = 1, X 2 = 0, GX = —XG, G is a groupdike element and X 
is an (1, G)-primitive element. 

Recall that, for a Hopf algebra H, the set of groupdike elements of H is denoted by 
G(H), and, for g, h € G(H), the set of (g, /i)-primitive elements of H is denoted by 
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In order to determine the matched pairs between two Hopf algebras the following result 
proved [T] is very useful. 

Lemma 2.1. Let (A,H, t>, <d) be a matched pair of Hopf algebras, a, b G G(^4) and g, 
heG(H). Then: 

(1) g D> a G G(A) and g < a G G(H); 

(2) If x £ P a ,b{A), ^en g <ix e P g<a ,g<b{H) and g o x G P 9 >a, s >b04); 

(3) 7/y € Pg 7 h(H), then y < a G P 9<a , h <a{H) and y D> a G P 9>a , h> a (A). 

In particular, if x is an (1 a, b) -primitive element of A, then g \> x is an (1a, 9 t> &)- 
primitive element of A and g <\ x is an (g, g < b)-primitive element of H. 

We shall use two more elementary lemmas from pQ. 

Lemma 2.2. G(fT 4 ) = {1, Pi, 1(^4) = {0}, P 9 , 9 (F 4 ) = {0} 

Pi i9 (i^4) = {a — a<7 + /3 x [a, /3 G P 9) 1 (#4) = {a — ag + (3 gx\a, (3 G fc} 

Lemma 2.3. (1) it : H4 — >• ^4 is a unitary coalgebra map if and only if u is the trivial 
morphism u(h) = e(h)l, for all h G H4, or there exists a, (3, 7, S G k such that u(l) = 1, 
u(g) = g, u(x) = a — ag + /3x, and u(gx) = 7 — 7 g + 5 gx. 

(2) u : #4 — > is a Hopf algebra morphism if and only if u is the trivial morphism 
u(h) = e(h)l, for all h G H\, or there exists (3 G k such that tt(l) = 1, u(g) = g, 
u(x) = (3x, and u(gx) = (3 gx. In particular, AutHopf(-ff4) — k* . 

The next theorem describes the set of all matched pairs (A = H4, H = H4, >,<). 

Theorem 2.4. Let k be a field of characteristic ^ 2. Then (JH±,H±, >, <) is a matched 
pair of Hopf algebras if and only if (>, <) are both the trivial actions or the pair (\>, <) 
is given by: 
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X 




GX 
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1 


G 


X 


GX 


1 


1 


G 




X 




GX 


1 


1 


1 








9 


1 


G 




-X 




-GX 


9 


9 
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X 








A - 


AG 


A 


- AG 


X 


X 


-X 


X-Xg 


-X + Xg 


gx 








A - 


AG 


A 


-AG 


gx 


gx 


-gx 


-X + Xg 


X-Xg 



for some X G k. 

We prove this result in three steps. The first one is Proposition 12.51 where we describe 
the set of all right H4-module coalgebra structures < on H4 satisfying the normalizing 
condition 1 < h = s(h)l, for all h G H4. There will be four such families of actions, <]•?, 
j = 1, 2, 3, 4, parameterized by scalars a, b, c, d G k. 

The second step is Proposition 12.61 where we describe the set of all left i^4-module 
coalgebra structures > on H4 satisfying the normalizing condition h > 1 = e(h)l, for all 
h G H4. There will also be four families of such actions, [>\ i = 1,2,3,4 parameterized 
by scalars s, t, u, v G k. 

The final step consists of a detailed analysis of the sixteen possibilities of choice for the 
pair of actions ([>*, for all i, j = 1, 2, 3, 4. This will show that the only ones that 
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verify the axioms of a matched pair (J2J)- are: (> , i.e. the pair of trivial actions, 
and (> 4 , <3 4 ), in which case the actions take the form described in the statement. 

We begin with: 



Proposition 2.5. If < : (g> H4 — > H4 is a right M^-module coalgebra structure such 
that 1 <d h = s(h)l, for all h € H4, then < has one of the following forms: 
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-d + dg 
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-b + bg 
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gx 


gx 


c — 


eg - 


gx 


d 


-dg - 


-d + dg 



where a, b, c, d € k. 



Proof. Let <l : <S) H4 — > H4 be a right HLj-module coalgebra structure such that 
1 < h = e(h)l, for all h € H 4 . Thus, we have 1< G = 1, 1< X = 0, and 1< (GX) = 0. 
We determine next the actions of G, X, and GX on g, x, and gx. First we show that 



< 


1 G 


X 


GX 


9 


9 9 









Using Lemma |2. II we have g <\G G {Lfi'}- We cannot have g <\G 
obtain a contradiction: 



1, for otherwise we 



g = g < 1 = g < (G 2 



<G)<G = KG = 1 



Therefore g <\G = g. Next, using the fact that X £ Pi^&i) and g < G = g, we deduce 
from Lemma 12.11 and Lemma 12.21 that g <l X = 0. Similarly, g < (GX) = 0. Observe 
also that the actions of X and GX on g are compatible with the relations X 2 = and 
GX = -XG. 

Next, we show that 



< 


1 G 


X 


GX 


X 


X X 









or 



< 


1 G X 


GX 


X 


x a — ag — x b — bg 


-b + bg 



for some a, b € k. 

Since x is an (1, ^-primitive element of #4, i<lGe Pi<G,g<G(H<i) 
into account Lemma 12. 2[ we have x <\G = a — ag 
G is compatible with G 2 = 1 so 

x = x < 1 = (x < G) < G = (a — ag + bx) < G = a + 6a - (a + 60)5 + 6 2 x 



Pi, 9 (F 4 ). Taking 
foe, for some a, b € fe. The action of 
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Thus, b 2 = 1 and a(l + b) = 0. If b = —1 then there are no restrictions on a. Otherwise, 
6 = 1 and a = 0. This proves that x < G = a — ag — x, with a G k, or x < G = x. 

By a straightforward computation and the results above, x <l X G Pi )9 (id4). Therefore, 
by Lemma 12.21 x < X = b — bg + cx, for some b, c G k . Because X 2 = 0, we have 

= x <\0 = (x <\ X) <\ X = (b - bg + cx) <\ X = cb - cbg + c 2 x 

Thus, c = 0, and x < X = b — bg, with b G k. 

If x <l G = x, then 

x < {GX) = (x<G)<X = x<X 
and, if x <l G = a — ag — x, then 

x <a (GX) = (x < G) <l X = (a - ag - x) < X = -x < X 
Observe that, in both cases, e(x < (GX)) = 0, and 

A(x < (GX)) = x (1) < (GX) (1) <g> x (2) < (GX) (2) 

It remains to see when x < (GX) = x <d (— XG). If x < G = x, then 

x < (XG) = (x<X)<G=(6-6^)<G = 6-6 5 = x<X = x< (GX) 

Thus, x <] (GX) = x < (-XG) implies x < X = x < (GX) =0. If x < G = a - ag - x, 
then 

x < (XG) = (x < X) < G = (6 - bg) < G = b - bg = x < X = -x < (GX) 
In this case, the equality x < (GX) = x < (— XG) is satisfied without further restrictions. 
Finally, we show that 

GX 

or 



< 


1 


G 


X 


GX 


gx 


#x 


gx 









< 


1 G 


X 


GX 


gx 


gx c — eg — gx 


d — dg 


—d + dg 



for some c, d G k. 

Using Lemma 1231 and the fact that (gx) < G G P fl) i(if4), as one can easily see, we deduce 
that (gx) < G = c — eg + dgx. Also, 

gx = (gx) < 1 = ((gx) < G) < G = (c — eg + <igx) <G = c + <ic— (c + dc)g + d 2 gx 

therefore, d 2 = 1 and c(l + d) = 0. If cZ = — 1, then nothing can be said about c. 
Otherwise, d = 1 and c = 0. It follows that (gx) <d G = gx or (gx) <\ G = c — eg — gx, 
with c G A;. 

Again, a straightforward computation shows that (gx) <3 X is (g, l)-primitive, hence, by 
Lemma 12.21 there exist d, e G k such that (gx) <1 X = d — dg + egx. Recalling that 
X 2 = 0, we have 

= (gx) < = ((gx) < X) < X = (d - dg + egx) < X = ed - edg + e 2 gx 
Thus, e = and (gx) <\ X = d — dg, with d G k. 
If (gx) < G = gx then 

(gx) < (GX) = ((gx) < G) < X = (gx) < X 
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and, if (gx) <\ G = c — eg — gx, then 

(gx) < (GX) = ((gx) < G) < X = (c - eg - gx) <\ X = -(gx) < X 
In both cases, e((gx) < (GX)) = 0, and 

A((gx) < (GX)) = (gx) (1) < (GX) (1) ® (gx) 2 < (GX) 2 

Finally, we make use of the condition (gx) < (GX) = —(gx) < (XG). If (gx) <\G = gx, 
then 

(gx) < (XG) = ((gx) <X) <G=(d-dg)<G = d-dg = (gx) <X = (gx) < (GX) 

Since (gx) < (GX) = (gx) < (-XG), we have (gx) < X = (gx) < (GX) = 0. If (gx) < G = 
c — eg — gx, then 

(gx) < (XG) = ((gx) < X) < G = (d - dg) < G = d - dg = (gx) < X = -(gx) < (GX) 

In this case, the condition (gx) < (GX) = (gx) < (— XG) is satisfied without further 
restrictions. □ 

Analogous to Proposition 12.51 we can prove: 

Proposition 2.6. If > : H4 (g) H4 — > H4 is a left H^-module coalgebra structure such 
that h > 1 = e(/i)l, /or a// /i G H4, i/ien > /ias one 0/ i/ie following forms: 
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GX 
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X 






GX 
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G 


X 


GX 
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G 


X 


u — 


uG- 


-GX 








X 














X 













V 


-vG 








gx 














gx 













V 


-vG 
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G 






X 


GX 


> 4 


1 


G 






X 




GX 


1 


1 


G 






X 


GX 
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1 


G 






X 




GX 


9 


1 


G s 


— s 


G- 


- X 


GX 


9 


1 


9 


s — 


sG 


-X 


u — uG - 


-GX 


X 









t - 


tG 





X 










t - 


-tG 


V 


-vG 


gx 










t - 


tG 





gx 










t - 


-tG 


V 


-vG 



where s, t, u, v G k. 

Proof. One can check the validity of the statement by employing the same arguments 
as those used in the proof of Proposition 12.51 A more elegant and shorter proof can be 
deduced from the following elementary remark: if o : H ® C — )• G is a left i?-module 
coalgebra on C then < : C <8> H cop ->• C, c < h := S(h) > c, for all c G C and h G H 
is a right // cop -module coalgebra on G, and the above correspondence is bijective if the 
antipode of H is bijective. We apply this observation for H = H4 and G = H4, which is 
just a copy of H4, taking into account that the antipode of H4 is bijective and = H4. 
In this way, the proof of Proposition 12.61 follows from the one of Proposition 12.51 □ 



We are now in a position to finish the proof of Theorem 12.41 
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The proof of Theorem \2.4\ Let (H4, H4, >, <) be a matched pair. Since <l : ® H4 — > 
H4 is a right HU-module coalgebra structure satisfying 1 <] h = e(h)l, for all h 6 H4, we 
deduce from Proposition 12.51 that < is one of the <*'s. Similarly, > : H4 ® H4 —> H4 is 
a left i^-module coalgebra structure satisfying h > 1 = e(h)l, for all /i £ #4, hence, > 
is one of the > J 's, by Proposition 12.61 We will prove that (M.4,H4, t> J , <]') is a matched 
pair if and only if G {(1, 1), (4,4)} and, if = (4,4), then \> l and < 3 are defined 
as we have claimed. 

Firstly, (H4, H4, [> l , < J ) is not a matched pair, if i = 2, 3 or j = 2, 3, since 

5 t> 2 (GX)/(,?[> 2 G)(( 5 <*G) > 2 X) 
<? > 3 (GX) ^ ( 5 t> 3 G) ((g < j G) t> 3 X) 
(xg) < 2 G^(x < 2 (g >' G)) (g < 2 G) 

and 

(xg) < 3 G / (x < 3 ( 5 t> i G)) (5 < 3 G) 
for all i, j £ {1,2,3,4}, i.e., condition ([2]) is not satisfied. Indeed, 

g > 2 (GX) =u-uG-GX ^ GX = G(g D> 2 X) = (g t> 2 G) ({g < j G) > 2 X) 

g\> 3 (GX) = GX + -s+sG-GX = G(s-sG-X) = G(g> 3 X) = (g> 3 G) ({g < ] G) t> 3 X) 

(xg) <\ 2 G = -c + eg + gx / -gx = xg = (x <\ 2 G)g = (x <q 2 (g \> l G)) (g < 2 G) 

and 

(xg) < 3 G = -gx ^ -a + ag + gx = (a-ag-x)g = (x< 3 G)g = (x < 3 (g > l G)) (g <\ 3 G) 

Secondly, (H4, H4, > 4 , < 1 ) and (H4, H4, [> 1 , < 4 ) are not matched pairs, since condition 
@ is not verified. Indeed, 

< x (GX) (1) ® x (2) t> 4 (GX) (2) = (8) s( 2 ) > 4 (GX) 

= x ® 1 > 4 (GX) + 5 ®2;> 4 (GX) 

= x ® GX + 5 ® (v - vG) 

= x ® GX + v# ® 1 - Vfir ® G 

whereas 

x (2) (GX) (2) ® x (1) > 4 (GX) (1) = x (2) ® x (1) > 4 (GX) 

= 1 ® x > 4 (GX) + x ® 5 > 4 (GX) 

= 1 ® (v - vG) + x ® (u - -uG - GX) 

= t>l®l--ul®G + ux®l-ux®G-x® GX 

Similarly, 

(#x) (1) < 4 X (1) ® ( ff x) (2 ) O 1 X (2) = (gx) < 4 X (1) ® X {2) 

= (gx) < 4 X ® 1 + ( 5 x) < 4 G ® X 

= (d — dp) ® 1 + (c — eg — gx) ® X 

= dl®l-d5®l + cl®X-c5'®X-5rx®X 
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whereas 

(gx) {2) < 4 X (2) ® (gx) (1) > x X (1) = (gx) < 4 X (2) ® X (1) 

= {gx) < 4 1 ® X + (gx) < 4 X ® G 
= gx ® X + (d - dg) ® G 
= gx®X + dl®G-dg®G 

We focus now our attention on when (H 4 , i/ 4 , t> 4 , < 4 ) is a matched pair. We aban- 
don the cumbersome notations O 4 and <l 4 , and use instead D> and <1. We begin by 
verifying condition Q from the definition of a matched pair. Evidently, the condi- 
tion is verified for (h,a) G {(1, 1), (1, G), (g, 1), (g, G)}. It is also verified for (h,a) £ 
{(1,X), (x, 1), (1, GX), (gx, 1), (g, X), (x, G), (g, GX), (gx, G)}. For example, 

(gx) (1) < G (1) <8) (gx) (2 ) > G( 2 ) = (gx) <G®g[>G + l<lG® (gx) > G 

= (gx) < G ® G 

and 

(gx) (2 ) < G {2) <8) (gx) {1) > G (1) = g < G ® (gx) > G + (gx) < G ® 1 > G 

= (gx) < G (8 G 

hence, (gx) ( i) < G (1) (gx) (2) [> G (2 ) = (ga?)(2) < <3(2) (8 (gz)(i) > G (1) . 
For (/t,o) = (x,X) we have 

< X (1) (8 X( 2 ) t> X(2) = x<X®l[>l + x<lG®l[>X-t-g<lX®x[>l+ 

g < G ® x [> X 
= (b -bg) <8 1 + (a- ag - x) (8 X + 5 <8 (t - tG) 
= 61®l + (t-6)g®l-ig®G + al®X-ag®X-x®X 

X(2) < X(2) ® > X (1) = l<l®x[>X + l<lX®x[>G + x<ll®g[> X+ 

x < X ® g [> G 
= 1 ® (t -tG) + x ® (s - sG - X) + (b - bg) ® G 
= tt®l + (b-t)l®G-bg®G + sx®l-sx®G-x®X 

Since xn\ < Xn) (8 X( 2 ) > X( 2 ) = X( 2 ) < X( 2 ) ® O -^(l); we must have t = b and 
a = s = 0. 

Let (/i, a) = (gx,GX). Then 

<8 (gx) (2) > (GX) (2) 
= (gx) < (GX) <g> 5 t> G + (gx) < 1 <8 g > (GX) + 1 < (GX) <8 (gx) o G+ 

1 < 1 ® (gx) t> (GX) 
= (-d + dg) <8 G + gx <g> (u - uG - GX) + 1 <S> (v - vG) 
= vl <8 1 - (v + d)l <8 G + dg <g> G + ugx ® 1 - ugx ® G - gx <8 GX 
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(gx) (2) <i(GX) {2) ® (gx) {l) D> (GX) (1) 

= g<G® (gx) > (GX) + g < (GX) ® (gx) > 1 + (#x) < G (g 1 > (GX)+ 

( 5 x) < (GX) ® 1 > 1 
= g®(v- vG) + (c- eg - gx) ® GX + (-d + dg) ® 1 
= -dl ®l + (v + d)g®l-vg®G + cl® GX - eg® GX - gx® GX. 

Since 

(gx) {1) < (GX) (1) ® {gx) (2) > (GX) (2) = ( 5 x) (2) < (GX) (2) ® (#x) (1) > (GX) (1) 
we must have v = —d and c = u = 0. 
Now, if (h,a) = (x,GX), then 

x (1) < (GX) (1) ^ x (2) > (GX) (2) 

= x < (GX) ® 1 > G + x < 1 <g) 1 > (GX) + p < (GX) <g x > G+ 

g < 1 <g» x > (GX) 
= (-6 + 65) <g> G + x (8) GX + 5 (v - vG) 
= -61 (g>G + (6-?;)#<g>G + ?;#(g>l + x(» GX 

and 

x (2) < (GX) (2) <g>x (1) > (GX) (1) 

= 1 < G <g> x D> (GX) + 1 < (GX) ®x>l + x<G<g>5![> (GX)+ 

x < (GX) ® # > 1 
= 1 (8) (v - vG) + (-x) (g (-GX) + (-6 + bg) ® 1 
= (u - 6)1 <g 1 - vl <& G + bg <g 1 + x <g GX. 

Since 

x (1) < (GX) (1) ® x (2 ) t> (GX) (2) = x (2) < (GX) (2) ® x (1) > (GX) (1) 
we must have v = 6. 
Finally, if (/i, a) = (gx,X), then 

(#x) ( i) < X (1) <g (flrx)( 2 ) > X {2) 

= (gx) <\X ®g\>l + (gx) < G ® g > X + 1 <\ X ® (gx) \> 1+ 

1 <G® (gx) D> X 
= (d - dg) ® 1 + (-gx) ® (-X) + 1 ® (t - tG) 
= (d + t)l®l- dg®l-tl®G + gx®X 

(gx)(2) < X (2 ) <g> (ffx) ( i) o X(i) 

= g < 1 <g (#x) > X + g <\X ® (gx) > G + (#x) < 1 <& 1 > X+ 

(gx) < X <g 1 > G 
= g ® (t - tG) + gx ® X + (d - dg) ® G 
= tg ® 1 - (t + d)g ® G + dl ® G + gx ® X 
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Since t = b and d = —v = —b, we have 

(gx)(i) < X (1) ® (gx)(2) > X(2) = (gx) (2) < X {2) <8> (gx)(i) > ^(i) 

Thus, condition @ is satisfied when a = c = s = u = 0, t = v = b and d = —b. It 
is now easy to see that, in these circumstances, conditions (|2|) and ([3]) are compatible 
with the relations G 2 = g 2 = 1, X 2 = x 2 = 0, gx = —xg and GX = — XG, i.e. that 
h t> (G 2 ) = h > 1, h > {X 2 ) = h>0, h> (GX) = h > (-1G), for all /» 6 Hi, and 
(^ 2 ) < a = 1 < a, (x 2 ) < a = < a, (^x) < a = (— xp) < a, for all a G H4. We will do the 
verifications for h = gx and a = GX and leave the rest to the reader. We have 

(gx) > (G 2 ) = ((gx) > G) ((g < G) > G) + (1 > G) ((( 5 x) < G) > G) 
= G(-(gx)>G) 
= = (gx) [> 1 

((gx) > X) (( 5 < 1) > X) + (1 > X) (((gx) <1)>X) + 
((gx) > G) ((g < X) > X) + (1 > G) (((gx) < X) > X) 
(6 - 6G)(g > X) + X((gx) > X) + G ((-6 + feg) t> X) 
(b - bG)(-X) + X(b - bG) + G(-bX - bX) 
= (gx) > 

((gx) > X) ((g < 1) > G) + (1 > X) (((gx) < 1) > G) + 
((gx) > G) ((g < X) > G) + (1 > G) (((gx) < X) > G) 
(6 - bG)(g > G) + X((gx) > G) + G ((-6 + 6g) > G) 
(6 - bG)G + G(-6G + bG) 
-b + bG 
(gx) > (-GX) 

--(g<(g> (GX))) (g<G) + (g<(g> 1)) (g < (GX)) 
= (g<(-GX))g 
= = 1 <3 (GX) 

(x 2 ) < (GX) = (x < (x > (GX))) (1< G) + (x < (x > 1)) (1 < (GX))+ 
(x < (g t> (GX))) (x < G) + (x < (g > 1)) (x < (GX)) 
= x < (b - bG) + (x < (—GX)) (-x) + (x < l)(-b + bg) 
= bx + bx + (b- bg)(-x) + x(-b + 6g) 
= = < (GX) 



(gx) > (X 2 ) = 



and 

(gx) > (XG) = 



Also 

(g 2 ) < (GX) 
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and 

(xg) < (GX) = (x<(g> (GX))) (g < G) + (x < (g > 1)) (g < (GX)) 
= {x<(-GX))g 
= (b-bg)g 
= -b + bg 
= (-gx) < (GX) 

□ 

We are able to describe and classify all Hopf algebras that factorize through two Sweedler's 
Hopf algebras. 

Theorem 2.7. Let k be a field of characteristic ^ 2. Then: 

(1) A Hopf algebra E factorizes through H4 and if and only if E = H4 <g> H4 or 
E = Hie, A; f or some A S k, where Hiq^x is the Hopf algebra generated by g, x, G, X 
subject to the relations: 

g 2 = G 2 = 1 x 2 = X 2 = 0, gx = -xg, GX = -XG, 

g G = Gg, gX = -Xg, xG = -Gx, xX + Xx = A (1 - Gg) 
with the coalgebra structure given by 
A(g)=g®g, A(x) = x 1 + g <g) x, A(G) = G®G, A(X) = X <g> 1 + G <g> X, 

e(g) = e(G) = 1, e(x) = e(X) = 

(2) "%i6,A is a pointed, unimodular and non-semisimple 16 -dimensional Hopf algebra. 

(3) Up to an isomorphism of Hopf algebras, there are only three Hopf algebras that 
factorize through H4 and H4, namely 

H 4 <g>F 4 , Wie,o and Hia,i = D(H 4 ) 
where D(Hii) is the Drinfel'd double of H 4 . 

Proof. (1) The Hopf algebra T-Li^x is the explicit description of the bicrossed product 
H4 [xi H4 associated to the non-trivial matched pair given in Theorem 12.41 In H4 oo H4 
we make the canonical identifications: G = G\x\l, X = X\x\l, g = l\xg,x = l\x\x. 
The defining relations of Hie \ follow easily. For instance: 

XX = (1 1X1 X)(X IX] 1) = t> X(i) CXI X(2) < X(i) 

= (A-AG)xl-lMx + GM(A-A ff ) 

= Al M 1 - X M x - A G ix g = A 1 - Xx - A Gg 

(2) riie t x is pointed because, as a coalgebra, it is the tensor product of two pointed 
coalgebras [TUl Lemma 5.1.10]. Since H4 is non-semisimple, so is rlie,\ [El Corollary 
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3.2.3]. 7^i6, a is unimodular since (X + GX){x — gx) is simultaneously a non-zero left 
and right integral. For instance, 

x(X + GX)(x - gx) = ( - Xx + A(l - Gg) + GXx - X(G - g)) (x - gx) 
= X(x — gx — Ggx + Gx — Gx + Ggx + gx — x) = 

and 

{X + GX)(x - gx)X = (X + GX)( - Xx + A(l - Gg) - Xgx - X(g - G)) 

= X(X + GX + GXg + Xg-Xg- GXg - GX - X) = 

(3) 7^i6, a — 7^i6,i, for A € k* , since the defining relations for %i6,i can be obtained from 
that of "%i6,A by replacing X with A _1 X. 

We prove next that H4 <S> %i6,o an d "Hi6, 1 are non-isomorphic Hopf algebras. It will 
be useful to regard ^16, a as the bicrossed product H4 1x1^ H 4 associated to the non- 
trivial matched pair (\>\, <\\) given in Theorem 12.41 f° r then we can use our description 
of morphisms between two bicrossed products. 

From [TJ Theorem 2.2] we know that if ip : H4 1x1 H4 — > H4 x' H 4 is such a morphism 
then 

i>{a> M /i) = u (<z ( i)) (p (o( 2 )) >' r (tyi))) tx/ (p (a {3) ) <' r (fy 2 ))) « (^(3)) 

for all a £ H4 and h G #4, where u : H 4 —> H4, p : H4 — >■ #4, r : H4 — > H4, and 
f : i?4 — > #4 are unitary coalgebra maps satisfying conditions ([7|)- (]14p . From Lemma [2 .31 
we know the description of unitary coalgebra maps between two Sweedler's Hopf algebras. 
We will show that if one of the pairs (u,p), (r, v) and (u, r) consists of maps both trivial 
or both non-trivial then ip is not an isomorphism. 

In order to do this, we first describe the pairs (u,p) of unitary coalgebra maps, u : 
H 4 ->• H 4 and p : H 4 ->• H 4 , that satisfy ([ZD, © and (fTQj) . What we will find is that 
if u and p are both non-trivial, then u(G) = G, u(X) = u{GX) = 0, p{G) = g and 
p(X) = p(GX) = 0, and, if one of them is non-trivial and the other trivial, then the 
former is a Hopf algebra morphism. 

Suppose u and p are both non-trivial, cmd let &u-> dpi ^ui bp-> c-ui 

c p , d u , dp E k such 

that u(X) = a u — a u G + b u X, u(GX) = c u — c u G + d u GX, p(X) = a p — a p g + b p x, and 
p{GX) = c p — c p g + d p gx. Using condition ((7J), we have 

u(X) ®p(l) + u(G) ®p{X) = u(l) ®p(X) ®p(G) 

from which we deduce that b p = b u = and a p = a u . Again, from condition ([7]), we have 

u(GX) ® p(G) + u(l) ® p(GX) = u(G) p(GX) + u(GX) ® p(l) 

from which we obtain d p = d u = and c p = c M . From condition ([9]) we have: 

u(GX) = u(G) (p(G) >' tt(X)) = G ( s >' (a„ - a n G)) = G(a u - a u G) = -a u + a u G 
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Since u(GX) = c u — c u G, we must have c u = —a u . Also u(GX) = —u(XG), since 
GX = -XG. But 

u(XG) = u{X) (p(l) >' u(G)) + u(G) (p{X) >' u(G)) 

= (a u ~ a u G)G + G ((a u - a u g) >' G) 

= -a u + a„G + G(a u G - a u G) 

= —ra u + ct w G 

= tt(GX) 

so a u = 0. Therefore, tt(AT) = u(GX) = p(X) = p{GX) = and this concludes our first 
claim. 

If u is trivial and p is non-trivial then the conditions ([7]) and ([9]) are trivially fulfilled 
and condition (fTUI) becomes p(ab) = p(a)p(b), for all a, b € H4. Thus, p is a Hopf algebra 
morphism in this case. Similarly, u is a Hopf algebra morphism if u is non-trivial and p 
is trivial. 

Observe that the above arguments also apply for pairs (r, v) of unitary coalgebra maps, 
r : H4 — >• H4 and v : H^^r H4, that satisfy conditions dSJ), (fTT| and (fT2]) . 

We are now able to prove our assertion that ip is not an isomorphism if one of the pairs 
(u,p), (r, v), and (n, r) consists of maps that are both trivial or both nontrivial. We have 

ij}(X M 1) = u(X) txf 1 + u(G) *f p{X) 

and 

^(1 IX x) = r(x) Cxi' 1 + r(g) IX 

hence, Ml) = if u and p are both trivial or both non-trivial, and ex x) = 
if r and u are both trivial or both non-trivial. Since X M 1 and 1 co x are non-zero 
elements, ip is not injective in these cases. Suppose next that u and r are both trivial. If 
p or v is trivial then if) is not an isomorphism as we have already seen. If p and v are both 
non-trivial, then, considering the previous remarks, they are Hopf algebra morphisms. 
Using Lemma 12.31 we deduce that p(X) = ax and v(x) = bx, for some a, b in k. Since 

ip(X IX x) = 1 \x! p(X)v(x) = abl tx' x 2 = 

and X x x 7^ 0, it follows that ip is not injective, hence not an isomorphism. Finally, 
suppose that u and r are both non-trivial. Then ip is not an isomorphism if p or v is 
non-trivial, so consider p and v trivial. Then u and r are Hopf algebra morphisms, hence 
there exist a, b € k such that u(X) = aX and r(x) = bX. Since 

if>(X X x) = u(X)r(x) x' 1 = abX 2 x' 1 = 

we deduce that ip is not injective in this case either. 

We have reduced so far the number of possibilities for (u,p,r,v) when ip is an isomor- 
phism. More precisely, if ip is an isomorphism then u and v are both trivial and p and r 
are both non-trivial, or u and v are both non-trivial and p and r are both trivial. 

In what follows we will consider the Hopf algebras H4 (g) H4, HiQfi and %i6,i an d the 
morphisms between them associated to the two remaining possibilities for (u,p,r,v). 
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Let tp : H4 <8> H4 — > %i6,o be a morphism associated to (u,p,r,v). Suppose u and v are 
trivial and p and r are non-trivial. Thus, p and r are Hopf algebra morphisms. Since 
the actions associated to H4 g) are the trivial ones, condition (|13p takes the following 
form: 

e{b)r(h) = p(b) > 
Consider a € k such that r(x) = aX. Then 

aX = e(G)r(x) = p(G) > = ag > = ~aX 

hence a = 0. From 

V>(1 <8> x) = r(x) Mo 1 = 

it follows that ijj is not an isomorphism. Suppose now that u and v are nontrivial and 
p and r are trivial. Then u and t> are Hopf algebra morphisms and condition (|13p takes 
the form: 

> u(b) = e(h)u(b) 
Let a & k such that 'u(X) = aX. From 

aX = e{g)u(X) = v(g) >o U (X) = ag [>o X = —aX 
we deduce that a = and, consequently, that = 0. Since 

ip{X®l) = u(X) M 1 = 

it follows that ijj cannot be an isomorphism. Thus H4 <8> ^ ^16,0 as an morphisms 
from H4 <g> H4 to %i6,o ar e not injective. 

Observe that, if we replace in the previous paragraph %i6,o with Hig^i and >o with >i, 
then everything else remains the same, since g\>\ X = —X. We deduce, therefore, that 
H 4 ® i? 4 % Hi^i also. 

Consider now ip : 7i\6,o %i6,i a morphism associated to (u,p, r, v). liu and v are trivial 
and p and r are non-trivial, then p and r are Hopf algebra morphisms and condition (113p 
becomes 

e(b)r(h) = p >o 6(1)) >i r (^(2) <o 6(2)) 
Let a, b G k such that = ax and r(x) = bX. Since 

= e(X)r(x) = p > ^(1)) >i r (x (2) < -^(2)) = ~PpQ >i r ( x ) = ~ ab + ahG 

we deduce that ab = 0, hence p(X) = or r(x) = 0. But then ip(X Mo 1) = 1 Mi 
p(X) = or Mo x) = r(x) Mi 1 = 0, which shows that ip is not injective. If u and 
v are non-trivial and p and r are trivial, then u and v are Hopf algebra morphisms and 
condition (|13p has the following form: 

v (h) \>\ u(b) = u(h >o b) 

Let a, b G k such that u(X) = aX and v(x) = bx. From 

= u(x >o X) = v(x) >i u(X) = abx [>i X = ab — abG 

we deduce that ab = 0. Thus u(x) = or v (x) = 0. Since ij)(X Mo 1) = u(X) Mi and 
ip(l Mo x) = 1 Mi -y(x) it follows that V> is not injective. We conclude that %i6,o ^ %i6,i 5 
as all morphisms from %i6,o to %i6,i are not injective. 
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Finally, we shall prove that Hi6 ! 1 = D(H±) and this will finish the proof. Observe first 
that (#|) cop ~ H 4 , so D(H 4 ) factorizes through H 4 and H A . Indeed, if {l*,g*,x*, (gx)*} 
is the dual basis of {l,g,x,gx} then 

(l*-g*)*(l*-g*) = l*+g* = l H . 

(x* + (gx)*) * (x* + (gx)*) = 
(l* _ g *) * {x * + ( gx y) = _ x * + {gx y = + ( gx y) * (i * - g *) 

where * is the convolution product in H^, hence, as an algebra, = k(G,X\G 2 = 
1, X 2 = 0, GX = -XG), where G = 1* - g*, and X = x* + (gx)*. Recall now that, if H 
is a Hopf algebra with basis {e±, e n } and {e^, ■ e* } is the dual basis, then 

n 

&H*(ei) = e *( e j e i) e *j ® e r 

Using this fact we obtain that 

A H *(G) = G®G and A H *(X) = I ® X + X ® G 

Therefore, (ff|) cop = H4, so D(H/±) factorizes indeed through H4 and H4. In order to 
see which of the three algebras from Theorem 12.71 D(Ha ) is, recall the Drinfel'd double 
as a matched pair. If H is a finite dimensional Hopf algebra, then ((H*) cop , H, >, <]) is 
a matched pair, where 

> : H ® (#* ) cop (F*) cop , h>h* = h* (5- 1 (/i (2) )?/i {1) ) 
< : # ® (F*) cop iT, h<h* = h* (5- 1 (/i( 3 ))^(i)) /i( 2 ) 

for all heH,h* 6 (H*) cop , and D(iJ) ~ (F*) cop cxi F. In our case, we have 

.x < X = X + X x + X (S _1 (x) 5 ) 5 

= X(x)+X( 5 )x + X(-x)(7 
= 1-5 

which shows that D(H4) ~ H4 Mi #4. □ 

Remark 2.8. %i6,o is n °t the dual of D(H^) for otherwise D(H^)* would be unimodular 
and so would H4 ([TT], Corollary 4). 

Remark 2.9. The classification of pointed Hopf algebras of dimension 16 over an alge- 
braically closed field of characteristic zero was done in [5J. Since the coradical of %i6, a is 
fc[G(H 4 )] <g> k[G(H 4 )], we have G(Hie,\) = {1,9, G, gG} ~ Z 2 x Z 2 . With the notations 
of [4j Theorem 5.2], we have H4 ® #4 ~ ff(3), %i6,o — -^(4) and ^16,1 — ^(5)- 

As a consequence of our approach, we can describe the group of Hopf algebra auto- 
morphisms of the Hopf algebras obtained in Theorem 12.71 We begin with the Drinfel'd 
double, D(H A ). 
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Proposition 2.10. Let k be a field of characteristic ^ 2. Then there exists an isomor- 
phism of groups 

Aut H o P fOD(#4)) = k* x/Z 2 
where k* x f Z 2 is the semidirect product of the group k* of the units of k with Z 2 
associated to the action as automorphisms f : Z 2 — > Aut (k*), /(l + 2Z)(a) = a -1 , for 
all a G k* . 

Proof. Let tp : %i6,i — > be an endomorphism of the Drinfel'd double, D{H±) = 

%i6,i, associated to (u,p,r,v), where u : EI4 — > H4, p : H4 — > H4, r : H4 — > H4, and 
v : H4 — > H4 are unitary coalgebra maps satisfying conditions (f?])- (|14p . We know, from 
the investigation in the proof of Theorem 12.71 that if ip is an isomorphism then u and v 
are both trivial and p and r are both non-trivial, or u and v are both non-trivial and p 
and r are both trivial. 

We continue with the investigation further in order to describe all the automorphisms 
of D{H4). Suppose first that u and v are trivial and p and r are non-trivial. Then 
conditions (|10|) and (llip imply that p and r are Hopf algebra morphisms, conditions (|13|) 
and (Tl4|) become 

e(b)r{h) = p(h {1) >i 6 (1) ) >i r(/i (2) <i 6 (2) ) 

e{h)p{b) = p(h {1) D>i 6(i)) <i r(h {2) <i 6 (2) ) 

for all 6 € H4 and /i € i?4, and the rest of the conditions are trivially fulfilled. Since p 
and r are Hopf algebra morphisms, it follows from Lemma 12.31 that there exist a, f3 G k 
such that p(X) = ax, p(GX) = agx, r(x) = [3 X and r{gx) = j3GX. By a routine 
check one can verify that conditions f)13|) and (|14h are satisfied if and only if a ■ (3 = 1. 
For example, (|13p is true for b = X and h = x if and only if 

e(X)r(x) = -p(X) >x r(x) t>i r(l - g) 

= 1 - a/3 + (ap - l)G 

if and only if a(3 = 1, since e(X)r(x) = 0. Thus, p and r are actually Hopf algebra 
isomorphisms inverse to one another. It is also a routine check to verify that ijj 2 = 
idz)(# 4 ), for example by looking at the elements of a basis for D(H^). Therefore, ip is 
an isomorphism. We will denote the isomorphism obtained in this way and associated 
to a G k* by i/j a . 

Suppose now that u and v are non-trivial and p and r are trivial. Then conditions © 
and (|12p imply that u and v are Hopf algebras morphisms, conditions (|13p and (|14p 
become 

i> (h) \>i u(b) = u(h >i b) 
v(h) <i u(6) = v(h <i 6) 

for all 6 G H4 and h G #4, while the rest of the conditions are trivially fulfilled. By 
Lemma [2.3[ u(X) = a X and v{x) = (3 x for some a, f3 G k. A straightforward verification 
shows that f|13|) and (|14p are satisfied if and only if a ■ /3 = 1. For example, condition 
(fT3|) for b = X and h = x is equivalent to 

q/3(1 - G) = 1 -G 
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which is true if and only if a/3 = 1. If we denote by (p a the morphism ip associated 
to a G k* then we may remark that ip a tp a -i = ip a -iip a = Idjv# 4 ), hence ip a is an 
isomorphism. 

Thus, the set of Hopf automorphisms of D{H^) is Aut Hopf {D[H^)) = {V'ola G k*} U 
{</? a |a G k*}, a disjoint union of two sets indexed by k*. The elements of Aut Hopf {D{H^)) 
multiply, as it can easily be seen, according to the following rules 

for all a, /3 G k* . In order to see that Aut Hopf {D{H^)) is isomorphic to the semidirect 
product of k* and Z 2 , k* »f Z 2 , associated to / : Z 2 ->• Aut (A;*), /(l + 2Z)(a) = a _1 , 
for all a G fc*, we define 

r : fc* m ; Z 2 -> Aut Hopf (D(H 4 )), T(a,6) = (p a , T{a,l) = ^ a -i 

for all a £ k*. Obviously, T is bijective and, moreover, it is a morphism of groups. 
Indeed, recalling that k* x f Z 2 is fc* x Z 2 with the multiplication (a, rh) ■ (/5, n) = 
(af{fh)(/3),rh + n), for all a, (3 G fc* and m, n G Z 2 , we have 

r ((a, 0) • (/?, 6)) = T(a(3, 0) = ^ = tp^p = T(a, 0)r(/3, 0) 

r ((a, 6) • (/3, i)) = r(a/3, i) = = ^^-i = r(«, 6)r(/3, i) 
r ((a, i) • (/?, 6)) = iv/r 1 , i) = ^ Q - 1/3 = y a -i^ = r(a, i)r(/5, 6) 
r((a,i)-(/5,i)) = r( a /r\6) = ^-i =i-iV> = r(«, i)r(/3, i) 

for all a, /? G A;*. Therefore, Aut Hopf {D{H^)) = k* x /Z 2 , which concludes the proof. □ 

Proposition 2.11. Zei fc 6e a field of characteristic 7^ 2. TTien i/tere exist isomorphism 
of groups 

Aut Hopf (7*16,0) = (** X fc*) X 5 ^2 = Aut Hopf (H4 ® #4) 

where (k* x &*) x g Z 2 is i/ie semidirect product of the group k* x fc* wrai/i Z 2 associated 
to the action as automorphisms g : Z 2 — > Aut (k* x g(l + 2Z)(a, (3) = a), for all 
(a, 13) G it* x fc*. 

Proof. The proof of this result is similar to the one of Proposition 12.101 We start with 
%i6,o- Let ip : ?^i6,o — > T~iie,o be an endomorphism of %i6,o 5 associated to (u,p,r,v), 
where u : H4 —¥ H4, p : H4 — > H4, r : H4 — > H4, and v : H4 — > H4 are unitary coalgebra 
maps satisfying conditions ([7|)- (|14p . We look for necessary and sufficient conditions for 
ip to be an isomorphism. One necessary condition, as we have seen in the proof of 
Theorem 12.71 is that u and v be both trivial and p and r be both non-trivial, or u and 
v be both non-trivial and p and r be both trivial. 

If u and v are trivial and p and r are non-trivial then conditions (|10p and (jlip imply 
that p and r are Hopf algebra morphisms, conditions (|13p and (|14p become 

e(b)r(h) = p(h {l) > &(i)) >o r(fy 2 ) <o &(2)) 

e(h)p(b) = p{h {1) > 6(1)) <0 r (ty2) 6(2)) 
for all 6 G H4 and h G #4, and the rest of the conditions are trivially fulfilled. Since p and 
r are Hopf algebra morphisms there exist a, /3 G k such that p(X) = ax, p(GX) = a gx, 
r(x) = f3 X and r(gx) = (3GX. A routine check shows that conditions (fl~3j) and (fl~4l) 
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are satisfied without further restrictions on a and /3. By looking at the matrix of tp 
with respect to the basis {ef \ e = 1,G,X,GX, f = 1, g, x, gx}, we find that ip is an 
isomorphism if and only if a ■ /3 7^ 0. We denote by tp a ,/3 the isomorphism obtained in 
this way and associated to (a, f3) G /c* x k* . 

If u and v are non-trivial and p and r are trivial then conditions ([9]) and (|12p imply that 
u and v are Hopf algebras morphisms, conditions (|13p and (|14p become 

>o = u(h [>o &) 

<o u(b) = v(h <l 

for all b G H4 and h G -££4, while the rest of the conditions are trivially fulfilled. By 
Lemma 12.31 U (X) = aX and v(x) = (3 x for some a, (3 E k. Again, (I13p and ()14p are 
satisfied without further restrictions on a and /3, and ^ is an isomorphism if and only if 
a ■ f3 7^ 0. We denote by <p a ,/3 the isomorphism associated to (a, /3) G A;* x /c* in this way. 

Thus, the set of Hopf automorphisms of %i6,o is Aut Hopf C^i6,o) = {VV/sK"' P) £ 
fc* x £;*} U {(^ Q ,^|(a,/3) E k* x /c*}, where the two sets are disjoint. The elements of 
Aut Hopf (%i6,o ) multiply, as it can easily be seen, according to the following rules 

for all a, /3, 7, 5 G k*. An isomorphism with the semidirect product of k* x k* with Z2 
associated to g : Z 2 -> Aut (A;* x k*), f(l + 2Z)(a,/3) = {fi,a), for all (a,/3) G fe* x k* , 
can be noticed, since, in (k* x A;*) x 9 Z2, elements multiply in the following way 

((/3, a), i) • ((J, 7), i) = ((07, 6) ((«, /9), 6) ■ ((7, 5), 6) = ((07, /3<f), 6) 

((/3,a),i) • (( 7 ,5), 6) = ((P6,arf),i) ((a,/?),6) • ((5,>y),i) = ((a<5,/3 7 ),i) 

for all a, ft 7, 5 G fc*. Thus, T : (k* x fe*) x ff Z 2 ->■ Aut Hop f (^16,0), r((/3,a), i) = ^3, 
r((a, /3),0) = ¥>a )( g, for all a, (3 G fc*, is an isomorphism of groups. 

The proof that Aut Hopf (H4 <g> H4) = (k* x k*) x 9 Z2 is just the same as for %i6,o so we 
omit it. □ 
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